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Abstract 

We investigate the zero modes of the Kaluza-Klein monopole in M-theory and 
show that the Born-Infeld action and the Chern-Simons term of a D6-brane are 
reproduced to quadratic order in the field strength of the U{1) field on the brane. 
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1 Introduction 


M-theory [j^ is a powerful tool for understanding various results in string theory. Although 
only its low energy effective theory is known, if we believe it, we can derive quantities in string 
theory without carrying out stringy calculations p|, Q . 

In string theory, it is known that the Dp-brane is governed by the following action, which 
is the sum of the Born-Infeld action and the Chern-Simons action (in present paper, we ignore 
fermion terms): 


Sbp 

= Sbi + Scs, 


(1) 
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= 7—^—TTT / d^’^Vdet2 
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where Gij and are the pull-backs to the D-brane world volume of the spacetime metric 
Gmn and the NS-NS two form field Bmn- G is the sum of the R-R 1, 3, 5 and 7-form fields. 
V = {l/2)Vijda'^ A da^ is the field strength of the U{1) gauge field 14 living on the Dp-brane 
shifted by Bij. 14 is normalized so that the charge of the string endpoint is one. Is = is 
the string length scale. 


For p = 2 and 4, S'dp can be derived from the actions of M2 and M5-brane in M-theory [^], 
and for p = 0, it is obtained as the effective action of the Kaluza-Klein mode of the gravity 
multiplet in eleven dimensional supergravity. For p = 6, it has been expected that the M- 
theory conhguration corresponding to D6-brane is a Kaluza-Klein monopole [^]. Kaluza-Klein 
monopole is a Dirac monopole of U{1) gauge field which appears when a higher dimensional 
theory is compactified. From the viewpoint of the higher dimensional theory the monopole is 
a gravitational instanton. 


The purpose of this paper is to show that the Born-Infeld action (^) and the Chern-Simons 
one d^) on a D6-brane are reproduced as the effective action of the zero modes on the Kaluza- 
Klein monopole. Let us take the static gauge a* = y\ Then (|^) and (^) are expanded as 
follows (we put p = 6 and neglect higher order terms of the Born-Infeld action). 
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We shall show that the V^ term in (^ and the hrst three terms in (^) are correctly reproduced 
from the Kaluza-Klein monopole. 

Our conventions are similar to the ones in [^. Instead of explaining them, we present the 
actions of the eleven and ten dimensional theories: 
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2 Taub-NUT manifold 


Taub-NUT manifold is a kind of four dimensional gravitational instanton. Far from the center 
of the instanton, the structure of the manifold is roughly x S^. The bundle over 5^ C 
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enclosing the instanton has Pontryagin index one and is topologically eqnivalent to S^. Taking 
the spherical coordinate (r, 6, 0) for and parameterizing the hber by ip, the metric of 
the manifold reads 

*^’^Taub-NUT = ^ dr'^ + ~ rn?){d6‘^ + sin^ OdpP) + (4m)^- —(d'ip-\ — cosOdcp] . (19) 

r — m r + m \ 2 } 

This metric has one scale parameter m, representing the size of hber at r —>■ cx). The ranges 
of the coordinates are 


m < r, 0 < 0 < IT, O<0< 27r, 0 < 0 < 27r. 


( 20 ) 


The center of the instanton corresponds to r = m. This manifold is homeomorphic to R‘^. 

Tanb-NUT manifold is not only Ricci hat bnt also hyper Kahler, so that its holonomy 
gronp is SU{2)l C SU{2)l x SU{2)ji. Therefore, half of the (global) 32 snpersymmetries 
corresponding to left handed spinor on the manifold is broken, while the unbroken 16 super- 
symmetries corresponds to supersymmetries on the D6-brane. 

Let us construct a Kaluza-Klein monopole solution corresponding to a D6-brane in type 
IIA theory with string coupling e'^°. The boundary conditions of type IIA supergravity are 

0(r ^ cx)) = 00 , ^oo)= (21) 


Since the metrics in ten and eleven dimensions are related by 

e’ = . sS'ib = 0 < < 2x. 


implies the following boundary conditions for the eleven dimensional metric: 


sSSi),' -^ao) = 


( 22 ) 


( 23 ) 

( 24 ) 


Using the Tanb-NUT solution ([T9|) , the metric satisfying the condition ([23|) is immediately 
given as 


ds^ = e 


Vijdy^dy^ + c^s|aub -NUT 


(25) 


where j/* (i = 0,..., 6) is the hat coordinate on R^ parallel to the D6-brane. From the second 
condition (H), the scale parameter m is hxed as 


4m = 


(26) 
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3 U{1) field on Kaluza-Klein monopole 


Dividing the eleven dimensional coordinates {M = 0,..., 9,11) into the seven dimensional 
flat coordinates {i = 0,..., 6) and the coordinates on Taub-NUT manifold (x^ = r, 
x^ = 6, x^ = (j) and x^^ = -0), the three form held Almn is classified into four types of fields: 


AjjMn ^ Aijn, A{ji^. 

Our goal in this section is to derive the {B — F)^-term and hence we are interested in 
and Aijfj^. Since we would like to study the massless modes, we should express Aij^ and Ai^^ 
as products of zero modes on Taub-NUT manifold and functions depending only on the flat 
coordinate y^: 


= A,{x^)B,^{y^), (27) 

A^^ix^y^) = A^,{x^)V,{y^). (28) 


Vi becomes U{1) field on the brane and Bij plays the role of NS-NS two form held in the bulk. 


Taub-NUT manifold has SU{2) x U{1) isometry, where SU{2) represents a rotation of the 
base manifold and U{1) corresponds to a global shift along the fiber. Therefore, we can 
classify modes on the manifold by two integers L and Nf\. L is the angular momentum with 
respect to the SU (2) rotation and N labels the Kaluza-Klein momentum along the fiber. 
In the type IIA theory context, N represents the D-particle charge, and we are interested in 
the modes with iV = 0 in this paper. The vector held V) and the pull-back B^j of the two form 
held are scalars with respect to the SU{2) rotation, so that we should consider the modes 
with {L,N) = (0,0). The (0,0) modes of the vector and the two form fields on Taub-NUT 
manifold are expressed as follows: 


= (/iW>O,^/2(r)cos0,/2(r)^ , 

/ 0 0 yi{r)cos9 gi{r) \ 

. _ 0 0 g2{r)sm6 0 

- ^gi{r)cos9 —g2{r)sm9 0 0 

V --gi{r) 0 0 0 y 

where /i, / 2 , gi and g 2 are functions depending only on r. 

The vector held zero mode is defined by following equation of motion: 


( 29 ) 

( 30 ) 


V“V[„2lrf = 0. 


( 31 ) 


*To be precise, when N is odd, L must be an half integer because of the anti-periodic boundary condition 
due to Dirac strings with 1/2 flux at 6* = 0 and tt. 
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Note that this equation is not equivalent to V[aA^] = 0 since needs not vanish at inhnity 
r —>• cx). Substituting into (|M|) , we get 

-4m^/2 + 2r(r^ — m^)/^ + (r^ — f!^ = 0, (32) 


which is easily solved to give 


/2 = Cl 


r + m 


r — m 


C2- 


( 33 ) 


r — m r + m 

The function fi does not appear in the equation of motion. This is a reflection of the fact that 


/i is a gauge degree of freedom. Because the hrst term in (|33D is singular at the center r = m, 
Cl should be zero. The normalization factor C 2 should be determined so that the kinetic term 
of Bij in the asymptotic region agrees with the third term in (^). Substituting (^3]) into the 
M-theory action (^, we get 

1 /■ .. 1 


2 ■ 3! 




2 ■ 3! 
1 


2 ■ 3! 


y / X X J 

(34) 


27r/oe3'^° X 3 '^° x 




which, after rescaling the metric according to (^), is reduced to 

1 27r 






2-3! Is 

Comparing this equation to ( 0 ). we can £x the constant C 2 : 

1 


C2 = 




( 35 ) 


( 36 ) 


Next, let us construct the zero mode of the two form A^^,. It should satisfy the equation 
of motion V“V[ov4^j,] = 0, which is equivalent to 


= 0 . 


( 37 ) 


Because the holonomy group of Taub-NUT manifold is SU{2), the zero mode of the self-dual 
part of which is singlet with respect to the SU{2), is a covariantly constant tensor and 
is not normalizable. To get a normalizable solution, we impose the anti-self-duality condition 
on A,, 




A^u \/ '9 < 


fiupa 




Substituting (|30|) into (^) and (|38|) , we get 

gi(r) = - 2 g 2 (r), g 2 (r) = 


9 2 

r — m 


4m 


Si(r), 


( 38 ) 


( 39 ) 
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and the solution is 


giir) = c- 


Am 


g2{r) = -c 


r — m 


(40) 


(r + mY ’ ' r + m 

We should determine the normalization factor c by the condition that the charge of the string 
endpoint is one P|. An open string attached on a D6-brane is a membrane hooked on the 
center of the Kaluza-Klein monopole, where the hber shrinks to a point[|. For example, let 
us consider the following membrane conhguration: 


y'‘ = ?/*(cr°), r = cr^, ijj = i 0 = const. 


(41) 


This conhguration represents a string attached on a D6-brane at |/*(ct°) and stretched along 
the r-direction. Using (pS]), the contribution of this conhguration to the action (y) reads 

(42) 


Sm2 = cgM2 J drd^Ar^ J dy^Vi = AircgMi J dy^Vi. 

Therefore, c is hxed to be 


1 1 1 


c = 


47r^M2 2 (27r)3Z| 

Between these two solutions for and A^^, the following relation is holds: 


(43) 


^lAv '^uAfj, — 2 'kP^^’^' 


(44) 


Using (1^) , (pSD and this relation, the 4-form held strength in (j^) is rewritten as 


K^ivij — A^^iy iVj — W jVi) + {y ^A^ — W ,jAYjBij 
— A V-- 


and hence the action is 


with 


■i j = Yj ‘i’Wl 


a = y d!^x {Afj^y = 32yY = 2- 


(27r)4/3- 

Rescaling the metric, we get the desired action which is identical to the second term in 


A = 


4(27r)‘^/^e'^° 




(45) 

( 46 ) 

( 47 ) 

( 48 ) 


'^This “hooking” is related to an anomalous process in which, when a D6 and a D2-brane pass through each 
other, a string stretched between them is created |0. 
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4 Chern-Simons terms 


In this section we shall show that the hrst three terms in the Chern-Simons action (P) are 
reprodnced from M-theory. The hrst term of @ is an ordinary magnetic conpling of the R-R 
one form Cm- The one form held Cm is given by the eleven dimensional metric as 

9ll,M 


CM = b- 




(49) 


where 6 is a normalization factor and the electric charge is qnantized in nnit of b. The kinetic 
term of Cm is obtained from the eleven dimensional Einstein action: 

62 1 




(60) 


Comparing the coefficient in this eqnation to the one in (hlD , the constant 6 is determined as 

b={27r)kl (51) 


Due to the Dirac condition, this means that the unit of magnetic charge is 27r/6 = (27r) 2 / 
and the coupling corresponding to this charge is 

1 1 


-§ 7-3 

S 1 


s = 


(27r)2/3 2 ■ 7! 




(52) 


The agreement of (^) with the hrst term of (^ is no wonder because the coefficient of this 
term is determined only by the Dirac quantization condition. 


Next, let us consider the term 

^ /— -T^ t^KLMN 1 ^ABCDEFGHIJK 

- 2 ~9^KLMNi^ — J^ABCdJ^EFGHIJK, 1051 

in the eleven dimensional action (^. This term contains the part, 

2 2 ^ ^iJ.i'ijb^a-^abcdey-i (54) 

where K^^ij is given by (^), and Ahcdefii should be expressed as a product of the vector zero 
mode of the last section and the R-R 5-form Cabcde, 


A 


abcdefi 




( 55 ) 


The numerical factor k is determined so that the kinetic term of Cabcde is —(2 ■ 6!) i^ 

the asymptotic region. Substituting (|55|) into the kinetic term of Afecde// 4 , we get 




- - J j {Fabcdeff{A^,f 

“2-6! (27r)R8 j d^"" {Fabcdeff, (56) 
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where Fabcdef = daCbcdef + 5 terms. Rescaling the metric, (^Gf ) is reduced to 

1 


and k is determined to be 


2 ■ 6! (27r)Rf 

k = (27r)5/^ 




(67) 


(58) 


Then, substituting (^) and (^) into (|5^) , we get 

(2vr)i/^ ^ 


^ = 


2 

1 




2-5! 




(59) 


(2vr)i/,2-5! 

Thus we have reproduced the second term of (||). 

The third term in (^, CRR-term, can be extracted from the eleven dimensional Chern 
Simons term (||). First, we have to determine the rescaling factor between Aijk and Cijk 
Comparing the kinetic terms of these helds in (|^) and (|T^, we get the relation: 

1 


Aijk 




-.a 


ijk- 


(60) 


Because the three form field in seven dimension A^jk is a scalar on Taub-NUT, its zero mode 
is a constant which does not depend on x^. Replacing the A^mn in (U) with (^) and the two 
Kabcd with (|i5|) , we get exactly the third term of (^: 


^ = 


/ 2/^^ 1 /* 1 /* 

4 7 ^ ^ 3 ! ■ 2 ■ 2 ■ 2 7 ^ tjk im np 


\/27rl 

^- / d'^ye'^^^'^'^PCiikVimVr 

V^3!-2-2-27 ^ 


np' 


(61) 


5 Discussion 


In this paper, we have shown that the V‘^ term and the C + CV + CVV terms are correctly 
reproduced from the Kaluza-Klein monopole. We shall give some comments about the terms 
we have not discussed in this paper. 

The Born-Infeld action (^) expanded to quadratic order contains another term (90“)^ 
where 0“ are scalar fields on D6-brane and represent the transversal shifts of the brane. These 
fields belong to the 3 representation of the isometry group SU{2). The shift of the center 

















of the Kaluza-Klein monopole implies that the metric varies. Therefore, the (L = = 0) 

mode of the metric would be relevant for 

Another term we have not discussed is the CVVV-ieim. in (^. This is cubic order in the 
vector field VJ, which is a part of the three form field A^mn in eleven dimension. The unique 
cubic term of the three form held in the action is (§). This term does not contain the metric 
and, apparently, it seems impossible to extract the CVVV-teim. from this term. However, 
the anti-self-duality condition (|38D of depends on the metric and the AKK-ieim. can 
contain indirectly, and hence the CVVV-ieim. could be reproduced from the AKK-teim. 
To examine this possibility, we have to solve the zero mode equations by taking account of 
the variation of the background metric. 

I would like to thank H. Hata for valuable discussions and careful reading of the manuscript. 

Note Added: After this work was completed, the paper p[ appeared, which also proposes 
the Born-Infeld effective action of Kaluza-Klein monopole by a different approach from ours. 
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